The internal consistency of the PAM matrix model of protein evolution is here investigated. The 1 PAM matrix has been constructed from amino acid replacements observed in closely related sequences. Such replacements are of two types, those that do not require an intermediate amino acid replacement and those that do. The second type of replacement must generally be produced by a repetition of the first. This allows data on the first type to be used in predicting data on the second type so that some elements of the 1 PAM matrix may be used to predict others. A discrepancy of more than two orders of magnitude is found between the predictions and the data when this is carried out. This is partly accounted for by an error in constructing the matrix. However, it also seems necessary that the basic model be modified. Several possibilities are considered. One of these is to incorporate a sitedependent spectrum of mutabilities associated with each amino acid.
I. Introduction
Over a period of years Dayhoff and Eck (1968) ; Dayhoff et al. (1972) ; Schwartz and Dayhoff (1978a, 19793) ; and Dayhoff et al. (1979) have developed a statistical model of protein evolution based on the accumulating bank of amino acid sequence data at the National Biomedical Research Foundation. Although the model thus developed has been of theoretical interest, it has also been put to practical use in evaluating the degree of similarity between distantly related sequences. It has proved more sensitive at this task than other methods that have been studied by Schwartz and Dayhoff ( 1979) . Because the model is constructed from sequences not more than 15% different and yet proves successful in evaluating much more distant relationships, one may conclude that there is some empirical evidence for its validity. On the other hand, not all aspects of the model have been subjected to rigorous analysis.
It is my purpose here to analyze the consistency of the model as constructed in its most recent form . In particular I ask whether the number of amino acid changes that require two mutations at the nucleic acid level to occur (i.e., require an intermediate replacement) are what would be predicted on the basis of the single-mutation amino acid-replacement rates. It was recognized by Dayhoff et al. that there is an excess of amino acid replacements that require two mutations to occur. However, the marked discrepancy I find was not foreseen. In section II, I analyze the nature and magnitude of this discrepancy. A correction to the method of calculating the PAM matrix is described in section III. This correction accounts for one factor in the excess number of amino acid replacements requiring two nucleic acid mutations. There still remains, however, a high level of disagreement with the rates that are predicted from amino acid replacements occurring via single mutations. Possible modification of the Dayhoff model is considered in section IV. It is shown that the existence of a relatively broad spectrum of mutabilities, rather than a single mutability for each amino acid, is sufficient to explain the observed disagreement.
All computations reported here were carried out on the DEC KL-10 computer facility at the National Institutes of Health. For terminology and results relating to Markov processes, I refer the reader to Karlin and Taylor (1975) .
II. Amino Acid Replacement as a Continuous-Time Markov Process
The model of protein evolution described by Dayhoff et al. (1979) may be described in the language of probability theory as a continuous-time Markov process. It is a finite-state Markov process because (1) each amino acid site in a protein is allowed to have one of the possible 20 amino acids as a state and (2) state transitions are assumed to take place independent of the occupants of other sites and dependent only on the current (not previous) occupancy of the site in question. It is continuous in time because state transitions are not limited to occur only at a series of discrete time instants but may occur at any time. In accordance with this model, let S;,i= I,..., 20 denote the 20 amino acids or states that a site in a protein can have. Then, with each state Si there is a Poisson rate constant hi that determines the rate at which sites in state Si are undergoing mutation and fixation to different amino acids (or states). Also, for each Si there is a set { oij)j2=or of nonnegative numbers that sum to 1 and satisfy oii = 0. Given that a site in state Si undergoes a state transition (a replacement), oij gives the probability that the new state is Sj (#Si). Here the instantaneous mutation rates hi are close to being proportional to the mutabilities mi considered by Dayhoff et al., but the mi, rather than being instantaneous, are based on a time interval of 1 PAM. One PAM is the average time required for 1% of the amino acids in a protein to be replaced. Again, the sets {oij}$r are not proportional to the corresponding 1 PAM matrix elements {i!4ij}f!l because the Mij are based on the cumulative change seen at the end of a time period of 1 PAM rather than representative of the probability oij of the instantaneous flow from Si to the state S' for each j= 1, . . . . 20. If the {hi) and {oij} are determined, it is possible by a process of integration to obtain an estimate of the 1 PAM matrix of Dayhoff et al. This is a key point that I now describe.
The 1 PAM matrix is a list of the net number of transitions from any state to any other that should be observed at the end of a time period of 1 PAM but that is normalized to represent probabilities. Following Dayhoff et al., let A4ij denote an arbitrary element of this matrix. By convention, then, Mij denotes the probability of a site initially in state Si being found in state S' after a time interval of 1 PAM. We may think Of M,(t) as a function that develops to the value il4ij at t = 1, i.e., A4,( 1) = Mij. (1)
For our purposes it is useful to change slightly the form of equation (1). For each i and j # i, let pij = hia,. Then, 
for all i and j Z i. Now given estimates of the pij)s, it is possible to integrate equations (3) over a time period of 1 PAM to obtain an estimate of the 1 PAM matrix.
The purpose in developing the system of equations (3) is to test the consistency of representing protein evolution as a continuous-time Markov process as described. Such a test of consistency is possible because only 150 of the possible 380 pii)s with i # j can be non-O. The non-0 pij's are just those for which it is possible to move from Si to Sj by a single base change at the nucleic acid level. All other pij must be 0 because the probability of two mutations occurring in one codon in a single generation is so small that it may be ignored. In support of this, the work of Miyata and Yasunaga ( 1980, 198 1) on the rate of silent DNA changes and on pseudogene mutation rates suggests a nucleotide mutation rate of 1 X lo-*/site per year. Because the third codon position is frequently redundant in coding an amino acid, 1 X 10-16/codon per year is not an unreasonable estimate of the rate of exposure to two significant mutations in a single codon in one generation. Unless one assumes strong positive selection and a very large population (which we do not), the resulting fixation rate for such a double mutation is so small as to be 0 for practical purposes. Thus, from the 150 non-0 pij and by integrating equations (3) over a time period of 1 PAM, we may obtain estimates of all 400 elements of the 1 PAM matrix.
In practice I have proceeded differently because we must first obtain estimates of the non-0 lij's. We have taken as our initial estimates of the 150 non-0 pij's the corresponding iVij from the 1 PAM matrix as constructed by Dayhoff et al. We have then optimized over all 150 lii)s simultaneously to produce a solution of equations (3) that at a time of 1 PAM best fits the 150 single-step Miis of the 1 PAM matrix in the least-squares sense. In this process the goodness of fit to the remaining 250 elements of the 1 PAM matrix is not considered. This is not, of course, the only way in which the l.tij could be determined. In particular, we might have asked for that solution of equations (3) that best matches all 400 1 PAM matrix elements in the least-squares sense. We took the course described because, in a sense, we regard the single-step elements as being the more fundamental ones and because it makes possible a very clear comparison between the predicted two-step elements based on single-step data and the two-step data. This optimization is carried out in double precision using the International Mathematical and Statistical Libraries computer routines DGEAR for integration of equations (3) and ZXCGR for optimization. The result is an estimate for the pij and an estimated 1 PAM matrix, EM. By its construction EM will closely agree with A4 for each i and j where pij Z 0. However at the 230 pairs of i and j where Mij represents at least two nucleotide mutations, EA4ij provides an estimate of A4ij that acts as a test of the model. The calculated EMij and pij (shown in parentheses) are listed in table 1, with the AJij listed first in each case for comparison. Data in this table are probabilities for changes from columns to rows, a presentation that is at variance with the usual convention but that is done to provide direct agreement with figure 82 of Dayhoff et al. (1979) . fig. 82 of Dayhoff et al. (1979) . The 1 PAM matrix element is given horizontally on line with the appropriate amino acid abbreviation, and the estimate is given below this element. The generator value for those replacements producible by a single mutation is given in parentheses. This result is correct except for third-order corrections, which, for the short time intervals we deal with, may be ignored. Note that the time scale is always a relative thing, so that, while a AT of one unit of time may not seem small, the rates of change (hi's) are so small that AT is indeed a short time interval. Thus, EMij is a sum of all possible Fiki)!L Because each Fikj depends quadratically on time, SO does EMij. If the 1 PAM matrix is generated by a continuous-time Markov process, then the two-step elements lMij of A4 must also have a quadratic dependence on time for short times. This is of critical importance in estimating the two-step elements in M. If data are available that fix the value of a particular two-step element Mij for a time period of 5 PAM, then the correct 1 PAM element is A4iJ52. An examination of the programs used to calculate A4 shows that this quadratic scaling was ignored and that both oneand two-step elements were scaled linearly. In order to make some estimate of the error introduced in this way, one must have an estimate of the average time period over which the scaling was done. Dayhoff et al. (1979) state that all data used involved time periods of divergence of not more than 15 PAM. We are also told that, in the actual raw counts, two-step changes were about 20% of all changes. We have iterated the 1 PAM matrix 10 times to produce the 10 PAM matrix and find that, in the 10 PAM matrix, two-step changes are 20.7% of all change. Almost all of this two-step 442 Wilbur change arises from the two-step Mij acting alone, i.e., as though the transition Si -Sj were a single-step event. Since A4 was constructed in such a way as to produce this effect, 10 PAM appears to be a reasonable estimate for the average time of scaling of the raw data. Then, to correct the two-step elements in A4 from linear to quadratic scaling requires that all two-step terms be divided by an additional factor of 10. Although this is only an estimate, it is probably quite close to being correct and has the effect of reducing TM/TEA4 from 117 to 11.7. Thus, part of the discrepancy between A4 and EM is accounted for. There is still, however, considerable disagreement.
IV. Possible Model Modifications
In spite of a careful analysis of the construction of M, two-step changes are seen at a frequency on the order of 10 times what would be predicted on the basis of stochastic generation by single steps. Some modification of the model therefore seems necessary. Such a modification should account for an increased rate of two-step changes in the simplest manner consistent with current knowledge. I shall consider here several possible modifications to the basic PAM matrix model and discuss to what extent such modifications might bring the model predictions in line with the observed elevation in the rate of two-step changes.
Variable-Set Modification
One might suppose that at any variable amino acid site there is a fixed set of acceptable amino acids that can number anywhere from two to 20, that replacements outside this set are excluded, and that replacements within the set are completely neutral. I shall refer to this as the variable-set model. Could this model explain the elevation in the rate of two-step transitions? To examine this question, I first looked at a variable-set model in which all replacements that are allowed, i.e. are within the set, are equiprobable. We assume that there are 20 states (amino acids) and ask whether the ratio of double-to single-step changes over a short period will increase if we restrict the set down from 20 to k < 20 amino acids. Let us assume that any state in a variable set that we consider undergoes a single-step change with a probability of P. Here P is related to a short fixed time interval. Then, for a variable set of size 20, single steps appear at level 20P and double steps appear at a level proportional to (2OP)( 19P). The factor 19 accounts for the fact that single steps that revert back to their original state do not appear as two steps. If the variable set is of size k, the same calculation can be made, and the change in the ratio of double-to single-step replacements is
This calculation shows that, if equiprobability is assumed, then restricting the size of the set always decreases the two-step changes relative to the one-step changes. This model is of course an oversimplification. Equiprobability for replacements within sets is not true. Furthermore, many pairs of replacements are equivalent to single replacements and should not be counted as two-step changes. In order to examine a more realistic form of this model, I have used the single-step replacement rates { pij} derived in the previous section. Let I/ be a subset of the 20 amino acids. Then, over a short period of time, the single-step change possible in Vis proportional to the sum, C, , of all pij with Si and 4 both in V; and the double-step change is proportional to the sum, 2,) of all pij l p+ where Si, S', and Sk are all in V and Si -Sk is not a single step. Let us denote the ratio of z2 to 2, as A,. When V consists of all 20 amino acids, let RzO stand for R,. Then we are interested in knowing whether restricting V to something less than all amino acids will produce a ratio RV/RZO that is significantly > 1. To investigate this question I have calculated for each k, 3 5 k 5 19, RJR20 for 1,000 randomly chosen v's of size k. The mean, SD, and maximum values found for each k are shown in table 2 along with the value from equation (6) at the same k for comparison. It is quite remarkable, perhaps, how close to each other the results of equation (6) and those based on { pij) are, in spite of the fact that the calculation based on the { pij] no longer follows equiprobability and pairs of replacements equivalent to single replacements are no longer treated as two-step replacements. In the {pij) calculation, the largest value found among all possibilities is 1.08, so that the variableset model must be judged completely ineffective in accounting for the elevation in two-step rates. In fact, the means found for various k's seem to suggest that, when compared with the Markov model, such a model would lead to a depression of double steps vis a vis single steps. This depression could, however, fail to occur if the choice of sets V were greatly restricted.
Covarion Hypotheses
The covarion hypothesis (Fitch and Markowitz 1970; Fitch, 197 1) argues that in a given protein only a certain fraction of amino acids are variable and that there are influences between variable sites so that a replacement in one site may lead to loss of variability in some other sites while new variable sites may arise. Such a hypothesis is of particular interest here for the following reason. Suppose a replacement rate of r is calculated when replacements are considered as being uniformly distributed over all sites in proteins but that only a fraction h of sites are variable at any one time. Then, the actual rate of replacement in the variable sites is r/h and two-step replace- 444 Wilbur ments will take place at a rate proportional to (r/h)2. When this two-step rate is then converted to a frequency for two-step changes on all sites rather than the fraction h of variable sites, one obtains r2/h rather than the expected r2. Thus, the observed twostep frequency may appear anomalously high by a factor of l/h because we failed to consider that all change is restricted to a fraction h of the sites. How small could the factor h be? The mutation rate in DNA places a lower limit on k. We assume that mutations in DNA coding regions occur at a rate of 1 X 10m8/ nucleotide per year on the average. This figure is based on estimates of silent and pseudogene fixation rates made by Miyata and Yasunaga (1980, 198 1) . Because almost all changes in the first and second codon positions and some changes in the third codon position result in a change in amino acid, we shall take 2 X 10-8/codon per year as the rate at which amino acids are exposed to possible replacement. From Dayhoff s (1979) examination of the rates of change of different protein families, I have chosen the rate of 10 PAM/ 100 Myr as an average figure for protein evolution. Then we have 1 PAM/lo7 years or the fraction 0.0 1 of sites changing in lo7 years on the average. On the other hand, at a fraction h of sites, 2 X IO-*/codon per year is the replacement rate. Thus, h X 2 X lo-* X lo7 sites may change per lo7 years at the most, assuming that all mutations are fixed on the fraction h of variable sites. In this circumstance, 0.01 must equal h X 0.2 and h = 0.05. This is the smallest h that is possible consistent with the assumptions made, and it will be convenient to denote it by ho. As noted in the previous paragraph, if b is the true h, this could account for an apparent elevation of the observed two-step frequency by a factor of 20 (= l/b). This is more than enough to explain the observed 11.7-fold elevation. A h of 0.1 is sufficient to explain the observations. Calculations by Fitch and Markowitz ( 1970) and Fitch ( 197 1) have suggested a h for cytochromes of 0.05 < 0.1. This may be too low in general. While evidence on this point is sparse, Fitch ( 1976) has analyzed the number of covarions (concomitantly variable codons) in six proteins using the method of Fitch and Markowitz (1970) and arrived at a figure of 38% as the percentage of amino acid sites that could undergo substitution at any one time. By removing the two peptide chains with the greatest fraction of covarions, he adjusted the figure downward to 34% and speculated that the true average figure may be somewhat lower. Thus, 30% or a h of 0.3 seems like a reasonable average figure. This would account for a factor 3.3 of the observed 11.7-fold elevation in two-step rates and leave 3.5 unexplained.
An argument of a different type may be used to place a lower limit on the true h. Let us assume that within the fraction h of variable sites in a protein, no mutation in the DNA coding for such variable sites is rejected because of its effect on the nature of the protein itself. Then it is reasonable that mutations leading to amino acid replacement are still influenced by the same forces that effect the acceptance of silent mutations. Now in any given codon, mutations in the first two positions generally will lead to replacements, whereas a mutation in the third position is usually silent. Thus, with our assumption, if s represents the rate of silent change based on all sites, the value 2hs should approximate the rate of replacement change. The factor h comes from the restriction of replacements to a fraction h of the codons where silent change is possible, and 2 expresses the fact that, at the fraction h of variable codons (or sites), there are twice as many mutations that can produce a replacement as can produce a silent change. Finally, we require the estimate by that silent changes outnumber replacement changes by three to one on the average. This requires that the ratio of 2hs to s be l/3 or that h be equal to l/6 (~0.17)). If the acceptance of mutations producing replacements is in fact influenced by their effect on the protein coded, then the factor 2 in 2hs is too large. Whatever factor 2 must be decreased by, h must be increased by the same factor. Thus, a h somewhat ~0.2 is likely, and 0.3 may be a reasonable estimate.
Nonhomogeneous Rates
We have seen that a h of -0.3 is a reasonable estimate and can account for a part but not all of the elevation in two-step rates. The remainder can be accounted for by assuming a spectrum of replacement rates that, for the same replacement type, vary with the site. Such a spectrum of rates could be conditioned by the variable structural importance of the different sites in a protein. In fact, it would be quite remarkable if such a conditioning were not true. Its effect on two-step rates is similar to the effect already discussed above for the covarion hypothesis. If the mutation rate will allow a h as small as & but 0.3 is a reasonable estimate for h and is six times as large as &, then, on the average, one of six mutations that could produce a replacement actually does so. This shows that replacement at some sites (hypervariable sites) could occur as much as six times as fast as the average rate of replacement. At such sites two-step replacements may then be expected at 36 times the rate that would be predicted based on the average rate of replacement. Since, at the maximum, only l/6 of variable sites could undergo replacement at the six-times-higher-than-average rate, this could not elevate the two-step rate more than six times the rate based on the average replacement rate for variable sites. Clearly, for all the variable sites to show some variation, somewhat <1/6 of sites can vary at six times the average rate. It is still, however, quite feasible to see an elevation in the two-step rate as great as the required factor of 3.5 (see above discussion of covarion hypotheses).
Thus, I am suggesting here the possibility that nonhomogeneous rates are a part of the explanation for the TM/TEA4 ratio of 11.7. Put another way, the mutabilities of different amino acids cannot be treated as constants but must vary over a rather large range of values, depending on the site. Few protein families have been analyzed in detail to see whether the observed substitutions are consistent with this hypothesis. Cytochrome c is an exception, and the exhaustive analyses of Fitch and Markowitz ( 1970) , Uzzell and Corbin ( 197 1 ), and Fitch ( 1976) have shown the necessity of allowing for several levels of variability. This type of analysis has been applied by Holmquist et al. (1983) to several large families of proteins, confirming the conclusion that two categories of variability are in general inadequate to explain observed protein variability. An invariant class and a class of variable sites that are acted on by a single Poisson process are not sufficient. However, a distribution of variabilities following the negative binomial distribution with appropriate parameter choices is generally adequate (see Uzzell and Corbin 197 1 and Holmquist et al. 1983 ). This evidence from protein phylogenetic trees is consistent with the hypothesis of a spectrum of mutabilities but cannot be unequivocally interpreted as being in its support. It appears that the variableset model discussed above allows sufficient variability, if the appropriate mixture of the different possible set sizes is chosen, to explain the variability observed in the phylogenetic trees. Although the variable-set model provides for variability in rates, it predicts no significant excess of double-mutation amino acid replacements but would rather lead one to expect a deficiency. Thus the data on phylogenetic trees do not unambiguously support the hypothesis of such a two-step excess. However, if it is real, the excess must be at least a part of the explanation for the distribution of variabilities in the protein phylogenetic-tree data. One would expect to find almost all the excess 446 Wilbur of double-mutation amino acid substitutions occurring at the hypervariable sites in the proteins. To our knowledge, this question has not been investigated. It would provide a useful test of the theory.
Possibility of a Coherent Model
What are the prospects for a coherent stochastic model of protein evolution that accurately predicts the frequency of two-step amino acid replacements? From the foregoing discussion it seems clear that such a model would have to incorporate elements of the variable-set model, the covarion hypotheses, and nonhomogeneous rates. Each of these modifications has implications for two-step as well as single-step replacement rates. The investigations of Holmquist et al. (1983) suggest that the average distribution of variabilities of amino acid sites based on protein phylogenetic trees is probably well approximated by the geometric distribution (a special form of the negative binomial distribution). In any modification of the original Dayhoff model of protein evolution, this provides an additional constraint. The three suggested modifications would have to be fit together in such a way as to produce (1) variabilities obeying the geometric distribution and (2) both the single-and double-step elements of a correctly computed PAM matrix. Such a construction may be difficult to attain. The great variation in the ratio of observed to predicted frequencies of two-step changes for different pairs of amino acids (see table 1) suggests a difficulty but does not rule out the possibility of a model as proposed. Such a model, if feasible, will necessarily incorporate a great number of parameters and may require more data than is currently available. In any case, any such modified model that might be constructed in the future would be of particular interest with respect to longer time periods. It would be important to see whether a better model based on short-divergence data significantly alters the evaluation of distant relationships (see Schwartz and Dayhoff 1979 ) that have been studied with the 250 PAM matrix.
